Abstract. Let L be a simple anti-commutative algebra. In this paper we prove that a non skew-symmetric solution of the classical Yang-Baxter equation on L with L-invariant symmetric part induces on L a Rota-Baxter operator of a non-zero weight.
(1)
R(x)R(y) = R(R(x)y + xR(y) + λxy).
As an example of a Rota-Baxter operation of weight zero one can consider the operation of integration on the algebra of continuous functions on R: the equation (1) follows from the integration by parts formula.
An algebra with a Rota-Baxter operation is called a Rota-Baxter algebra. These algebras first appeared in the paper of Baxter [1] . The combinatorial properties of Rota-Baxter algebras and operations were studied in papers of F.V. Atkinson, P. Cartier, G.-C. Rota and the others (see [2] [3] [4] [5] ). For basic results and the main properties of Rota-Baxter algebras see [6] .
There is a standard method for constructing Rota-Baxter operations of zero weight on a simple Lie algebra L from skew-symmetric solutions of the classical Yang-Baxter equations (CYBE): if r = a i ⊗ b i is a skewsymmetric solution of CYBE, then one can define an operator R on L by R(a) = a i , a b i , where ·, · is a Killing form on L. It turns out that R is a Rota-Baxter operator of weight 0 ( [9] - [10] ).
In this paper we consider the case when L is a simple anti-commutative algebra and r ∈ L ⊗ L is a non skew-symmetric solution of CYBE with L-invariant symmetric part. It turns out that instead of the element r it is more convenient to consider structure that closely connected with the solutions of CYBE(skew-symmetric or not): the structure of bialgebra (a vector space with multiplication and comultiplication).
Lie bialgebras were introduced by Drinfeld [7] for studying the solutions of the classical Yang-Baxter equation on Lie algebras. Lie bialgebras are Lie algebras and Lie coalgebras at the same time, such that comultiplication is a 1-cocycle. Every skew-symmetric solution of the classical Yang-Baxter equation induces a structure of a Lie bialgebra on the corresponding Lie algebra L. It is known that in this case the Drinfeld double contain a non-zero radical.
If r is not a skew-symmetric solution of CYBE then the corresponding comultiplication gives a structure of a Lie bialgebra if and only if r + τ (r) is a L-invariant element of L ⊗ L. Here τ is a switch morphism.
In section 2 we consider a structure of bialgebra on an arbitrary simple finite-dimensional algebra A over a field of characteristic zero with a semisimple Drinfeld double. We prove that the structure induce on A Rota-Baxter operators of a non-zero weight.
In section 3 we consider anti-commutative bialgebras with semisimple non-simple Drinfeld double constructed on simple anti-commutative algebras. We prove that in this case Rota-Baxter operators from section 2 are induced by non skew-symmetric solutions of the classical Yang-Baxter equations with ad-invariant symmetric part. As a corollary we obtain that if L is a simple Lie algebra and r = a i ⊗ b i is a non skew-symmetric solutions of the classical Yang-Baxter equations such that r + τ (r) is a L-invariant, then an operator R on L defined by R(a) = a i , a b i is a Rota-Baxter operator of a non-zero weight. In the last section we use the results from the section 3 and construct Rota-Baxter operators of non-zero weight on simple non-Lie Malcev algebra.
Definitions and preliminary results.
In the paper it is assumed that the characteristic of the ground field F is 0 and all spaces are supposed to be finite-dimensional.
Given vector spaces V and U over a field F , denote by V ⊗ U its tensor product over F . Define the linear mapping τ on V by τ (
, where A is a vector space over F and ∆ : A → A ⊗ A is a linear mapping, is called a coalgebra, while ∆ is a comultiplication.
Definition. Let M be an arbitrary variety of algebras. The pair
where f, g ∈ A * , a ∈ A and ∆(a) = a (1) ⊗ a (2) . The algebra obtained is the dual algebra of the coalgebra (A, ∆).
The dual algebra A * of (A, ∆) gives rise to the following bimodule actions on A:
where a ∈ A, f ∈ A * and ∆(a) = a (1) ⊗ a (2) . Let A be an arbitrary algebra with a comultiplication ∆, and let A * be the dual algebra for (A, ∆). Then A induces the bimodule action on A * by the formulas
where a, b ∈ A, f ∈ A * . Consider the space D(A) = A ⊕ A and equip it with a multiplication by putting
Then D(A) is an ordinary algebra over F , A and A * are some subalgebras in D(A). It is called the Drinfeld double.
Let Q be a bilinear form on D(A) defined by
for all a, b ∈ A and f, g ∈ A * . It is easy to check that Q is a nondegenerate symmetric associative form, that is Q(xy, z) = Q(x, yz).
In [7] the following definition was given:
Definition 2. Let L be a Lie algebra with a comultiplication ∆. The pair (L, ∆) is called a Lie bialgebra if and only if (L, ∆) is a Lie coalgebra and ∆ is a 1-cocycle, i.e., it satisfies
In [7] , it was proved that the pair (L, ∆) is a Lie bialgebra if and only if its Drinfeld double D(L) is a Lie algebra.
There is an important type of Lie bialgebras called coboundary bialgebras. Namely, let L be a Lie algebra and
for all a ∈ L. It is easy to see that ∆ r is a 1-cocycle. In [9] it was proved that (L, ∆ r ) is a Lie coalgebra if and only if the element
In particular, if
then the pair (L, ∆ r ) is a Lie bialgebra. The equation (2) 
for all a ∈ A.
In [11] the following definition of bialgebra in sense of Drinfeld for any variety of algebras was given: Definition. Let M be an arbitrary variety of algebras and let A be an algebra from M with a comultiplication ∆. The pair (A, ∆) is called an M-bialgebra (in the sense of Drinfeld) if its Drinfeld double D(A) belongs to M.
For Jordan, associative, alternative and Malcev bialgebras it is knows that if r is a skew-symmetric solution of the classical Yang-Baxter equation (3) on A, then (A, ∆ r ) is a bialgebra of corresponding variety.
In [13] it was proved that if A is an arbitrary simple algebra equipped with a comultiplication ∆ and I is a proper ideal of
If L is a simple finite-dimensional Lie algebra over the field of complex numbers, then the Drinfild double
In the same paper bialgebra structures on L in both cases were described.
If (L, ∆) is a Lie bialgebra and the radical R of D(L) is not zero then the comultiplication is induced by a skewsymmetric solution of the classical Yang-Baxter equation, that is ∆ = ∆ r for some r = a i ⊗b i ∈ (id−τ )(L⊗L) such that C L (r) = 0 (see [8] for the case when F is the field of complex numbers or [23] for the more general case when L is a Malcev algebra). Define an operator R : L → L by:
where ·, · is the Killing form on L. It is well known that R is a Rota-Baxter operator of weight 0 on L (see [9] - [10] ).
Bialgebras with semisimple Drinfeld double and Rota-Baxter operators of non-zero weights.
In this section A is an arbitrary simple finite-dimensional algebra over a field of characteristic zero equipped with a comultiplication ∆ such that (A, ∆) is a bialgebra such that D(A) is a direct sum of simple ideals.
Since dim(I) = dim(A) for every proper ideal I of D(A) we have that D(A) = A 1 ⊕ A 2 where A i are simple algebras and dimA i = dimA [13] . Proposition 1. There are two linear mapping φ i :
Proof. Since A is simple then intersections A with A i are equal to zero. It means that D(A) = A ⊕ A 1 = A ⊕ A 2 (as vector spaces) and for every f ∈ A * there are unique elements
). Thus, f 1 = −f 2 and we proved that for every a ∈ A there is f ∈ A * such that:
If for some a ∈ A there are two elements f 1 ∈ A * and f 2 ∈ A * such that a = −φ 1 (f i ) + φ 2 (f i ) then we get
It is easy to see that ψ is an isomorphism of vector spaces.
We will need the following properties of the maps φ i and ψ:
Proposition 2. 1. For all f, g ∈ A * and i = 1, 2:
2. For all a, b ∈ A:
Proof. Take f, g ∈ A * and fix i = 1, 2. From the definition of φ i we have that
Let us prove (7). Let a, b ∈ A. Then
Since A 1 is an ideal, the expression in the first brackets lies in A 1 . Thus, ψ(ab) = ψ(a) ↽ b by the definition of the map ψ. Similar arguments show that ψ(ab) = a ⇁ ψ(b) and (7) is proved. In order to prove (8) and (9) consider elements a, b ∈ A. We have:
Multiplying a and b in D(A) we get:
where x i ∈ A (i = 1, 2). This proves (7) and 8.
Then R is a Rota-Baxter operator of weight 1 on A.
Proof. Using (2)-(8) and (10) for all a, b ∈ A we compute:
Thus, R is a Rota-Baxter operator of weight 1 on A.
Using similar arguments one can proof the following:
Theorem 2. Let Q be an operator Q : A → A defined as
Then Q is a Rota-Baxter operator of weight -1 on A.
Rota-Baxter operators and classical Yang-Baxter equation for simple anti-commutative algebras.
Let L be a simple finite-dimensional anti-commutative algebra over a field F of characteristic zero and For convenience we will call an algebra A semisimple if A is a direct sum of simple ideals.
Theorem 3. Let (L, ∆) be a structure of an anti-commutative bialgebra on a simple anti-commutative algebra L with semisimple non-simple Drinfeld double and R the Rota-Baxter operator defined as in (10) . Then there is a non skew-symmetric solution of the classical Yang-Baxter equation (2) r = a i ⊗ b i such that r + τ (r) is L − invariant and a non-degenerate associative symmetric bilinear form ω such that for all a ∈ L:
Therefore r 1 is a solution of (2) . Similar arguments show that r 2 is also a solution of (2) . Since L 1 and L 2 are simple and the form Q is associative, Q(L 1 , L 2 ) = 0. Therefore for all f, g ∈ L * we have
Consequently, (13) r 1 + τ (r 2 ) = 0.
Also we have (f − φ 1 (f ))(g − φ 2 (g)) = 0. Therefore,
The last equality means that for all
Using (13) we finally obtain
Define a form ω(·, ·) on L by:
for all a, b ∈ L. It is clear that ω is bilinear and non-degenerate. Let us prove that ω is associative and symmetric. Let a, b ∈ L and
Similarly one can prove that
Summing up the last two equations and using (5) we obtain that Q(
Let a, b, c ∈ L. Using (7) and associativity of the form Q we compute:
Thus, ω is a bilinear non-degenerate symmetric associative form on L. And for all a ∈ L we have
Corollary 1. Let (L, ∆) be a structure of an anti-commutative bialgebra on simple Lie algebra L with semisimple non-simple Drinfeld double and R the Rota-Baxter operator defined as in (10) . Then there is a non skewsymmetric solution of the classical Yang-Baxter equation
Here ·, · is the Killing form on L.
Proof. By theorem 3 there is a non-skew symmetric solution of CYBE r 1 with L-invariant symmetric part and R(a) = ω(a, a i )b i for some non-degenerate associative symmetric bilinear form ω on L. But since L is simple, there is a non-zero λ ∈ F such that ω(a, b) = λ a, b . Therefore
It
is a Rota-Baxter operator of non-zero weight.
Proof. Define a comultiplication ∆ r on L as
We want to prove that Drinfeld double of the bialgebra is semisimple and non-simple. For this consider a map
Since r is a solution of (2), φ 1 is a homomorphism. Consider a subspace
For every a ∈ L we have:
On the other hand,
Since φ 1 is a homomorphism we have:
sum of two simple ideals. Thus, D(L) is a semisimple non-simple algebra. And the statement of the theorem follows from the definition of maps φ i and theorems 1 and 3. 
is a Rota-Baxter operator of non-zero weight. Here ·, · is the Killing form on L.
Remark. If r is a non skew-symmetric solution of the classical Yang-Baxter equation such that τ (r) + r is L-invariant, then so is an element r 1 = τ (r). Elements r and −r 1 induce the same bialgebra structure on L. And if Q is a Rota-Baxter operator with respect to r 1 then Q has weight λ and R + Q = −λid, where λ is a weight of operator R and id is the identity operator on L. This is not surprising since if R is a Rota-Baxter operator of weight 1, then so is −id − R. Example 1. Let L = sl 2 , x, h, y is the standard basis of L, that is hx = 2x, hy = −2y, xy = h.
Consider an element
where α ∈ F . Then for every α ∈ F r is a solution of the classical Yang-Baxter equation and therefore induces on L a structure of a Lie bialgebra with semisimple Drinfeld double. By theorem 4 the operator R defined as (12) is a Rota-Baxter operator of non-zero weight.
We have:
Direct computations shows that R is a Rota-Baxter operator of weight -4. In order to compute the second Rota-Baxter operator Q we need to consider
Thus,
and Q is a Rota-Baxter operator of weight -4. Note that Q + R = 4id where id is the identity operator on L.
The following example shows that in general a non skew-symmetric solutions of the CYBE not necessary induces a Rota-Baxter operator of non-zero weight.
Example 2. Let L = sl 2 (C) and let x, h, y be the standard basis of
Consider an element r = x ⊗ x. Obviously, r is a non skew-symmetric solution of (2). The corresponding operator R acts as follow:
and is a Rota-Baxter operator of zero weight.
4. Rota-Baxter operators on the split simple Malcev algebra.
In this section we consider simple non-Lie Malcev algebra. Malcev algebras were introduced by A.I. Malcev [18] as tangent algebras for local analytic Moufang loops. The class of Malcev algebras generalizes the class of Lie algebras and has a well developed theory [19] .
An important example of a non-Lie Malcev algebra is the vector space of zero trace elements of a CaleyDickson algebra with the commutator bracket multiplication [20, 21] . In [22] some properties of Malcev bialgebras were studied. In particular, there were found conditions for a Malcev algebra with a comultiplication to be a Malcev bialgebra. In [23] it was found a connection between solutions of the classical Yang-Baxter equation on Malcev algebras with Malcev bialgebras. where J(x, y, z) = (xy)z + (yz)x + (zx)y is the jacobian of elements x, y, z.
8 In [23] it was proved that non skew-symmetric solutions of the classical Yang-Baxter equation on simple Malcev algebra M induces on M a structure of Malcev biialgebra with semisimple Drinfeld double. Let M is a simple Malcev algebra. Then M is a simple Lie algebra or the 7-dimentional Malcev algebra isomorphic to the commutator algebra of traceless elements of the split Caley-Dixon algebra [26] .
Example 3. Let M be the simple Malcev algebra over the field of complex numbers C. In this case M has a basis h, x, x ′ , y, y ′ , z, z ′ with the following table of multiplication: hx = 2x, hy = 2y, hz = 2z,
The remaining products are zero. In [23] it was proved that up to automorphism any non skew-symmetric solution of the classical Yang-Baxter equation r has the following form:
Scalars α, β, γ, δ, µ are arbitrary. The corresponding normalized(of weight -1) Rota-Baxter operator is the following:
R(h) = 1 2 h + 2αx + 2βy ′ + 2γz, R(x) = 0, R(x ′ ) = x ′ − αh + δy ′ − 2βz R(y) = y − βh − δx + µz, R(y ′ ) = R(z) = 0, R(z ′ ) = z ′ − γh + 2βx − µy ′ .
